Proving Heron formula
Given triangle ABC,

Its areais A = \/S(S — a)(S — b)(S — ¢)

a+b+c

where S is half of perimeter § =

b

Suppose, we construct the height BH as show, we have
b12 — C2 . h2 (*)
b22 — a2 . h2
D12 —by? = ¢?—a?
(b1 —bo)(b1 + b2) = ¢* —a?
(b1 —b2)(b) = c?—a?

2_ 42
Or b;—b,=" b“
Replace b>=b—-b;
c?—a?  b?+c?-a?
2by = b+ =2



1 b%+c2-qa?
Orb, ==
17> b

From bi?=c?—h? (*) above we get

h2 =2~ by? = (c — bi)(c + by)

12 _ 1 b?% + ¢c? — a? +1b2+c2—a2
“\“72 b €T3 b

_ (2bc — b* = c* + a*)(2bc + b* + c* — a?)

4b?
_ (a?=(b-0)?)((b+c)*-a?)
- 4h2
_(@a=b+c)a+b—-c)b+c—a)(b+c+a)
- 4h2

Rearrange
B2 — (a+b+c)(—a+b+c)(a—b+c)(a+b—c)
4b?
Replacea + b + ¢ = 2s
_ (2s) (2s —2a) (25 — 2b) (25 — 2c¢)

4p>
2 16(s)(s —a)(s — b)(s — ¢)
- 4h?

hZ

4b?
h=2b \/S(S —a)(s—Db)(s —c)

- \/16(5)(5 —a)(s—b)(s—c)




The area of triangle ABC with the height h is

A=Y%bh=2b*2b.[s(s—a)(s —b)(s —c)

2

A= s(s—a)(s—b)(s—c)



